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A matrix M with n columns represents a closure operation F(A), (ACX, IXI =J~) if for 
any A, any two rows equal in the columns corresponding to A are also equal in F(A). Let re(F) be 
the minimum number of rows of the matrices representing F. Lower and upper estimates on max m (F) 
are given where max runs over the set of all closure operations on n elements. 

Put  X =  {1, 2 . . . . .  n}. A function F : 2 ~ 2  -~ sat isfying the condi t ions  

(1) A c= F(A), 

(2) A ~ B = F(A) c= F(B), 

(3) F(F(A))  = F(A), A , B  c= X 

is called a closure operation. If  M is an m × n  matr ix  then Fro(A), A c= X, conta ins  
the i th co lunm o f  M iff 

(4) any  two rows identical  in co lumns  belonging to A are also equa l  in the  
i th column.  

I t  is easy to see tha t  FM(A) is a c losure  opera t ion .  We say tha t  M represents 
the c losure  opera t ion  F i f  F =  FM. It is known [1] tha t  any  closure  ope ra t ion  is repre-  
sentable  wi th  an app rop r i a t e  matr ix  M. Let  r e ( F )  denote  the min imum number  o f  
rows o f  these M. Final ly ,  let R ( n ) = m a x m ( F )  where  the ma x imum is t aken  over  
all  the c losure  opera t ions  on n elements.  

I f  F is a c losure  opera t ion  define 

,g(v = {A: F(A) = X and A is minimal  tbr  this property}.  

We say tha t  an m × n  matr ix  M represents  the family  . ~  iff X=:,'c{'v~. Let  
m ( .~ )  denote  the min imum number  o f  rows o f  these M. Fina l ly ,  let r (n )=  max m ( , ~ )  
where the  max imum is taken over  all  such possible  families ,U on n elements.  

Observe  tha t  m(,~F)<=m(F) holds  for any F. Hence, by definit ion,  

(5) r(n) ~ R(n) 
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follows. On the other hand [2] proves the theorem 

l ( " /  
(6) -~:.~,[n/2])~ r(n) -- ~[n/2]J 1. 

The aim of this paper is to prove the analogous inequalities for R(n): 

T h e o r e m .  

(7) n z ~[n/2JJ ~ R(n)  :4 n 

Proof. The left hand side follows from (6) and (5). To prove the right hand side we 
construct a matrix M with this many rows for any given closure operation F. 

Let ~F= {A:  F ( A ) = A } .  It is easy to see [1] that .~r has the property that 
A, BEMr:=,A (~BEMr and conversely if M posesses this property then there is an F 
with ~ r = ~  (F  is defined by F ( A ) =  N B  where the intersection is taken over all 
sets B satisfying A c= BEM). If ~ ' i s  any family of  sets let ~ denote the family of  all 
possible intersections of  its members. Given F, we form a sequence ~ F - - ~ o ~  
~ B l ~ 2 ~ . . . ~ k  of  families. Choose three different members (if there exist) 
A, B and C of ~ satisfying AfqB=C..~A~+~ is defined by ~ g + ~ = ~ - { C } .  The 
statement ~,+~=.~; is trivial. Therefore, . ~ = ~ 0 = ~ ) r  holds for any i ( 0 ~ i ~ k ) .  
It is easy to see that the procedure stops after a finite number of steps: in ~k there 
are no 3 different members with A f-] B=  C. A theorem of Kleitman [3] states that the 
size of  a family of  subsets of  an n element set containing no 3 different members 

We construct M using the family ~k = {A~ . . . .  , A.,}. The j th  (1 ~ j ~ n )  entry 
of the ith (O<-i~-s) row is 

! if i = 0 

alj--- if 1 -~ i ~ s, jE A i 
if 1 ~ i :4 s, .j~ A~. 

The number of rows of M is l + ] ~ [ : 4 [ l + O ( ~ ) } ( [ n / 2 ] n  ) . We have to prove only 

that M represents F. Let A be an arbitrary subset of  X. Suppose first that jE F(A).  
Two rows il, iz can be equal in the columns corresponding to A only then if all these 
entries are zeros. That is, if AC=Ail,Ai.,, (2) implies F(A)C=F(Ai,), F(Ai,). A s  
Aix , AIeE.~F, F(A)C=Ail, Ai.., follows. Consequently, the two rows are equal (0=0)  
in the j th  column. 

Suppose now jqF (A) ,  F(A)EBF holds by (3). £~k=~r implies that F(A)  
is an intersection of some (=> 1) members of P)k. One of  these members, say A i does 
not contain j.  The 0th and the ith rows are equal in A but are different in the./th 
column. That is, F M = F  holds, l 

We are indebted to G. O. H. Katona for his help in writing the paper. 
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